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Abstract
We investigate the symmetry breaking pattern of the democratic mass matrix
model, which leads to the small flavor mixing in quark sector and bi-large mixing
in lepton sector. We present the symmetry breaking matrices in quark sector
which are determined by alternative ways instead of conventional ansatz. These
matrices might be useful for understanding the origin of democratic symmetry and
its breaking.
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1 Introduction
One of the most important problems in particle physics is to understand the flavor
structure of quarks and leptons. Since the feature of the flavor structure appear in the
quark-lepton mass matrix, it is important to investigate the quark-lepton mass matrix
for understanding the flavor structure.
Various phenomenological mass matrix models of quarks and leptons are proposed.
One of the most attractive mass matrix models is democratic mass matrix model [
1], which has S3L × S3R permutaion symmetry (democratic symmetry). This symmetry
means that right-handed fermion and left-handed fermion independently have the permu-
taion symmetry among three generations. This democratic mass matrix model induces
the small mixing angles in quark sector and bi-large mixing angles in lepton sector [ 2][ 3].
The democratic mass matrix model also induces small mixing angle Ue3 in lepton sector,
which is consistent with the experimental bound from CHOOZ reactor experiment [ 4].
Thus the democratic mass matrix model is very successful phenomenologically.
Inspite of these successes, however, the democratic mass matrix induces the massless
quarks and charged leptons of the first and the second generations. Then Cabbibo-
Kobayashi-Maskawa (CKM) quark flavor mixing matrix is exactly equals to a unit matrix
in the democratic symmetry limit. To aquire realistic fermion masses and mixing angles,
democratic symmetry must be broken and small symmetry breaking terms are required.
If we know the mechanism of democratic symmetry breaking, we can predict the quark-
lepton mass spectrum and all mixing angles. Unfortunately, however, such symmetry
breaking mechanism is not known. In the literature, some works have assumed these
small symmetry breaking terms and given some predictions. This approach has been
known very successful for quark sector [ 5][ 6] and lepton sector [ 7][ 8][ 9]. However,
there are possibilities that other ansatz can also account for the observed masses and
mixing angles. Then it is very important to understand the mechanism of democratic
symmetry breaking.
In this letter, we present the symmetry breaking terms which are determined by
alternative ways instead of conventional ansatz. These symmetry breaking terms might
be useful for understanding the origin of democratic symmetry and the mechanism of
its breaking. Although we are especially interested in the lepton sector, we investigate
the symmetry breaking terms of quark sector in this letter. The reasons are as follows.
First, the experimental information of quark sector is much rather than that of lepton
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sector. Second, since both up-type quarks and down-type quarks are Dirac particles,
they are treated in an equal footing in the democratic mass matrix model. Third, we
expect that the symmetry breaking pattern of down quarks can be applied for charged
leptons.
This letter is organized as follows. In sec. 2 we briefly review the dmocratic mass
matrix model. In sec. 3 we present the symmetry breaking terms of quark sector. In
sec. 4 we comment on lepton sector. Conclusion is denoted in sec. 5.
2 Democratic Mass Matrix
We briefly review the democratic mass matrix model. At first, we concentrate on quark
sector. The democratic mass matrix has S3L × S3R permutation symmetry, i.e.,
M [0]u =
mt
3


1 1 1
1 1 1
1 1 1

 , (2.1)
where mt is top quark mass. The down quark mass matrix has the same structure. This
matrix is a unique representation of the S3L × S3R symmetric matrix. This matrix is
diagnalized as
V [0]†u M
[0]
u V
[0]
u = M
[0]diag
u = diag(0, 0, mt) . (2.2)
The unitary matrix V [0]u that diagnalizes the democratic mass matrix M
[0]
u is
V [0]u =


1/
√
2 1/
√
6 1/
√
3
−1/√2 1/√6 1/√3
0 −2/√6 1/√3

 . (2.3)
Since there is no difference between up quark mass matrix and down quark mass ma-
trix(except for mt 6= mb), unitary matrices that diagonalizes mass matrix of up quarks
and one of down quarks are same each other, i.e., V [0]u = V
[0]
d . Then Cabbibo-Kobayashi-
Maskawa(CKM) quark flavor mixing matrix is predicted as
V
[0]
CKM = V
[0]†
u V
[0]
d = diag(1, 1, 1) . (2.4)
From experimental observations, it is well known that
Mdiagq ≃ diag(ǫ4q, ǫ2q , 1)mt/b , (2.5)
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where q = u or d, and CKM mixing matrix in Wolfenstein parametrization is given by
VCKM =


1− λ2
2
λ 0
−λ 1− λ2
2
Aλ2
0 −Aλ2 1

+O(λ3) . (2.6)
Thus, in quark sector, the predictions of the democratic mass matrix model are com-
pletely consistent with experimental data with approprite approximations, i.e.,
Mdiagu = diag(0, 0, mt) +O(ǫ
2
u) , (2.7)
Mdiagd = diag(0, 0, mb) +O(ǫ
2
d) , (2.8)
VCKM = diag(1, 1, 1) +O(λ) . (2.9)
Let’s turn to the lepton sector. Since the charged leptons are Dirac particles, the
charged lepton mass matrix has the same structure of quark mass matrix. Assuming
that the neutrinos are the Majorana type, there are two independent mass matrices that
are invariant under S3L permutation symmetry [ 7]. Then democratic neutrino mass
matrix is given as follows;
M [0]ν = mν


1 0 0
0 1 0
0 0 1

+mνr


0 1 1
1 0 1
1 1 0

 , (2.10)
where r is arbitrary parameter. Here we take r = 0, since it automatically leads to the
bi-large mixing angles of solar and atmospheric neutrinos and small Ue3 (We comment
on this choice in sec. 4). Thus in the democratic mass matrix model, neutrino masses
of three generations are degenerate. Then Maki-Nakagawa-Sakata(MNS) lepton flavor
mixing matrix is given by
U
[0]
MNS = V
[0]†
l =


1/
√
2 −1/√2 0
1/
√
6 1/
√
6 −2/√6
1/
√
3 1/
√
3 1/
√
3

 , (2.11)
where V
[0]
l is the unitary matrix that diagonalizes the charge lepton mass matrix. The
predictions of mixing angles are
sin2 2θsol = 1 , sin
2 2θatm =
8
9
, Ue3 = 0 . (2.12)
Thus, in lepton sector, the predictions of democratic mass matrix model are consistent
with experimental data with approprite approximations.
In summary, the democratic mass matrix model is phenomenologically very successful
in both quark sector and lepton sector.
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3 Symmetry Breaking Matrix
In previous section, we saw the democratic mass matrix is good candidate phenomeno-
logically. However, the democratic mass matrix predict the massless quarks and charged
leptons of the first and the second generations. It also predicts that CKM mixing matrix
equals to a unit matrix. To aquire realistic fermion masses and mixing angles, small sym-
metry breaking terms are required. In this section, we present such symmetry breaking
terms. We concentrate on the quark sector as denoted in the introduction.
We determine the symmetry breaking terms order by order. For example, Vub equals
zero in this letter. If one want to induce realistic Vub, higher order correction terms are
required. This point is crucial in our approach.
At first, we consider the symmetry breaking terms which leads to realistic quark
masses, while CKM mixing matrix remains a unit matrix (We consider the effects of
deviation from a unit matrix later). In this letter, we assume that up quark mass
matrix and down quark mass matrix are symmetric mass matrices because of democratic
principle. We denote the diagonal mass matrix Mdiagq as follows,
Mdiagq ≡ M [0]diagq +M [1]diagq +M [2]diagq , (3.1)
= diag(0, 0, 1)mt/b + diag(0, ǫ
2
q, 0)mt/b + diag(ǫ
4
q , 0, 0)mt/b . (3.2)
Since the unitary matrix V [0]q that diagonalizes the democratic mass matrix M
[0]
q is al-
ready known, as long as CKM mixing matrix remains a unit matrix, we can uniquely
determine the symmetry breaking terms which lead to the massive quarks of the first
and the second generations,
Mq = V
[0]
q M
diag
q V
[0]†
q ,
=
2∑
i=0
V [0]q M
[i]diag
q V
[0]†
q ,
≡ M [0]q +M [1]q +M [2]q ,
=
mt/b
3




1 1 1
1 1 1
1 1 1

+ ǫ2q


1/2 1/2 −1
1/2 1/2 −1
−1 −1 2

+ ǫ4q


3/2 −3/2 0
−3/2 3/2 0
0 0 0



 .(3.3)
Note here that the first order symmetry breaking term, which leads to the charm/strange
quark masses, automatically has S2L × S2R permutaion symmetry [ 10].
Next we consider the symmetry breaking terms which lead to realistic quark flavor
mixing angles. Here we assume thatMu andMd are the fuction of ǫu and ǫd, respectively.
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We take CKM mixing matrix in O(λ2) approximation, i.e.,
VCKM =


1 λ 0
−λ 1 0
0 0 1

+O(λ2) . (3.4)
Note here that CP is conserved at this order since CP phase exits in O(λ3) terms in
Wolfenstein parametrization. We denote the uniraty matrix that diagonalizes up/down
mass matrix as follows,
Vq = V
[0]
q + V
[1]
q + · · · , (3.5)
where V [1]q , · · · are small correction terms which depend on ǫq. Then CKM mixing matrix
is given by
VCKM = V
[0]†
u V
[0]
d + V
[1]†
u V
[0]
d + V
[0]†
u V
[1]
d + V
[1]†
u V
[1]
d + · · · . (3.6)
The first term obviously equals to a unit matrix, which is zero-th order CKM mixing
matrix V
[0]
CKM . Since the fourth term is higher order rather than the second and the third
terms, we assume that the second and third terms represent O(λ) terms in CKM matrix,
V
[1]
CKM ≡


0 λ 0
−λ 0 0
0 0 0

 = V [1]†u V [0]d + V [0]†u V
[1]
d . (3.7)
This equation should hold for arbitrary ǫq and we can derive the first order correction
term V [1]q ,
V [1]q = aq


−1/√6 1/√2 0
−1/√6 −1/√2 0
2/
√
6 0 0

 , (3.8)
where sin θq12 ≡ λ = ad − au. Note here that parameter aq depends on ǫq. Using this
symmetry breaking terms of unitary matrix, we can determine the symmetry breaking
mass matrix which induces O(λ) terms in CKM mixing matrix,
Mq = VqM
diag
q V
†
q ,
=
2∑
i=0
VqM
[i]diag
q V
†
q ,
=
2∑
i=0
(
V [0]q M
[i]diag
q V
[0]†
q + V
[1]
q M
[i]diag
q V
[0]†
q + V
[0]
q M
[i]diag
q V
[1]†
q + · · ·
)
. (3.9)
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The first term represents eq. (3.3). The second and third terms which induces O(λ)
terms in CKM mixing matrix are
2∑
i=0
(
V [1]q M
[i]diag
q V
[0]†
q + V
[0]
q M
[i]diag
q V
[1]†
q
)
=
mt/b
3
√
3aq(ǫ
2
q − ǫ4q)


1 0 −1
0 −1 1
−1 1 0

 .(3.10)
In summary, the democratic quark mass matrix with small symmetry breaking terms
which lead to the realistic quark masses and CKM mixing matrix in O(λ2) approximation
is given by
Mq =
mt/b
3




1 1 1
1 1 1
1 1 1

+ ǫ2q


1/2 1/2 −1
1/2 1/2 −1
−1 −1 2

+ ǫ4q


3/2 −3/2 0
−3/2 3/2 0
0 0 0




+
mt/b
3


√
3aq(ǫ
2
q − ǫ4q)


1 0 −1
0 −1 1
−1 1 0



 . (3.11)
This mass matrix is diagonalized as
Mdiagq = V
†
q MqVq = diag(ǫ
4
q, ǫ
2
q, 1)mt/b , (3.12)
where unitary matrix Vq is
Vq =


1/
√
2 1/
√
6 1/
√
3
−1/√2 1/√6 1/√3
0 −2/√6 1/√3

+ aq


−1/√6 1/√2 0
−1/√6 −1/√2 0
2/
√
6 0 0

 , (3.13)
where sin θq12 ≡ λ = ad− au. We summarize some assumptions we used ; 1) Mass matrix
of up quark and one of down quark are symmetric matrix. 2) Mass matrix Mu and Md
are the function of ǫu and ǫd, respectively. 3) Eq. (3.7) should hold for arbitrary ǫq.
It is straightforward to determine higher order corrections in our approach.
4 Comment on Lepton sector
Here we comment on lepton sector. In the democratic symmetry limit, the predicted
lepton flavor mixing angles are given in eq. (2.12). If the symmetry breaking terms of
charged leptons are the same as the ones of down quarks1, we can estimate the correction
1 We expect the symmetry breaking terms of down quark mass matrix can be applied for the ones
of charged leptons. This is one of the reasons why we concentrate on the quark sector in this letter.
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from zero-th order prediction, i.e., eq. (2.12). Note here that neutrinos are symmetry
limit. In this case, lepton mixing angles are predicted as follows2,
sin2 2θsol ∼ 0.97 , sin2 2θatm ∼ 0.88 , Ue3 ∼ 0.18 . (4.1)
These predictions are slightly different from experimental data. This facts might indicate
that we should consider O(λ2) corrections in CKM mixing matrix and/or the off-diagonal
elements and small symmetry breaking terms of neutrino sector.
Then we present the estimation of the lepton flavor mixing angles when we include
O(λ2) corrections in CKM mixing matrix (Note here that neutrinos are also symmetry
limit.),
sin2 2θsol ∼ 0.87 , sin2 2θatm ∼ 0.80 , Ue3 ∼ 0.18 . (4.2)
Note that there is no effects for Ue3 from O(λ
2) corrections. Although O(λ3) terms in
the unitary matrix Vl can modify Ue3, this effects would be neumerically too small to be
consistent with experimental upper bound Ue3 < 0.15 [ 4]. Thus the off-diagonal elements
and the symmetry breaking terms in neutrino sector might be very important to obtain
the realistic lepton mixing angles. In other words, small r parameter3 in eq. (2.10) and
small symmetry breaking terms [ 9] are required.
5 Conclusion
In this letter, we investigate the symmetry breaking pattern of the democratic mass
matrix model. We present the symmetry breaking terms in quark sector which are
determined by alternative ways instead of conventional ansatz. These symmetry breaking
terms might be useful for understanding the origin of democratic symmetry and the
mechanism of its breaking. We also estimate the lepton fravor mixing angles by assuming
that the symmetry breaking terms of charged leptons are the same as the ones of down
quarks. The results indicate that to aquire realistic lepton mixing angles, the small
2Here we assumed ad ≫ au and this leads to ad ∼ O(λ). This reason is as follows. Since the
unitary matrix Vq should become V
[0]
q in the ǫ2q → 0 limit, aq (parameter in the unitary matrix Vq)
might be proportional to (ǫ2q)
x (where x is positive unknown parameter). Thus λ might be expressed
by λ = (ǫ2d)
xa′d − (ǫ2u)xa′u. This relation is suitful for well-known phenomenological relation [ 11],
λ ∼
√
md/ms.
3 It is interesting that higher dimensional GUTs model which leads this situation is recently proposed [
12].
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off-diagonal elements and the symmetry breaking terms in neutrino mass matrix are
important.
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